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1. The Hamiltonian Dirac approach of dynamical 

systems. 

𝐻𝑇 𝑡, 𝒒, 𝒑 = 𝑉 𝑡, 𝒒 + 𝑓𝑚 𝑡, 𝒒 𝑝𝑚 − 𝑔𝑚 𝑡, 𝒒  

Hamiltonian: 

𝐄𝐧𝐞𝐫𝐠𝐲 𝐄 ∶ 

𝐸 = 𝑉 𝒒 + 𝑓𝑚 𝒒 𝑝𝑚 − 𝑔𝑚 𝒒  

Hamilton-Jacobi equation for the Action 𝑆 𝑡, 𝒒 : 

𝜕𝑆 𝑡, 𝒒

𝜕𝑡
+ 𝑓𝑚 𝑡, 𝒒

𝜕𝑆 𝑡, 𝒒

𝜕𝑞𝑚
− 𝑔𝑚 𝑡, 𝒒 + 𝑉 𝑡, 𝒒 = 0 



2. The Schrödinger equation. 

Schrödinger equation: 
General approach  

𝑖𝜎
𝜕Ψ 𝑡, 𝒒

𝜕𝑡
= 𝐻 𝑡, 𝒒 , 𝒑  Ψ 𝑡, 𝒒  

For the particular Hamiltonian of dynamical systems 𝐻𝑇 : 

𝐻 𝑡, 𝒒 , 𝒑  Ψ 𝑡, 𝒒 =
1

2
𝑓𝑖 𝑡, 𝒒 𝑝 𝑖 + 𝑝 𝑖𝑓𝑖 𝑡, 𝒒 𝑖  Ψ 𝑡, 𝒒 +𝑊 𝑡, 𝒒  Ψ 𝑡, 𝒒  

𝑊 𝑡, 𝒒 = 𝑉 𝑡, 𝒒 − 𝑓𝑖 𝑡, 𝒒  𝑔𝑖 𝑡, 𝒒  

(𝜎 is the system  

Planck constant) 

𝑓𝑓 𝑡, 𝒒  Ψ 𝑡, 𝒒 = 𝑓𝑓 𝑡, 𝒒  Ψ 𝑡, 𝒒  𝑝 𝑖  Ψ 𝑡, 𝒒 = −𝑖𝜎
𝜕Ψ 𝑡, 𝒒

𝜕𝑞𝑖
 

With: 

And the quantization rules: 

(ff arbitrary) 
(after some computations) 

Schrödinger equation (of dynamical systems): 

𝑖𝜎
𝜕Ψ 𝑡, 𝒒

𝜕𝑡
= −𝑖𝜎𝒇 𝑡, 𝒒 𝛁Ψ 𝑡, 𝒒 − 𝑖

𝜎

2
𝛁𝒇 𝑡, 𝒒 Ψ 𝑡, 𝒒 +𝑊 𝑡, 𝒒  Ψ 𝑡, 𝒒  

time-independent Hamiltonian Ψ 𝑡, 𝒒 = ℮−𝑖
𝐸
𝜎
𝑡  𝜓 𝒒  

Time-independent Schrödinger equation : 

𝒇 𝒒 𝛁𝜓 𝒒 =
𝑖

𝜎
𝐸 −𝑊 𝒒 −

1

2
𝛁𝒇 𝒒 𝜓 𝒒  



3. The probabilistic interpretation. 

Schrödinger equation: 

𝑖𝜎
𝜕Ψ 𝑡, 𝒒

𝜕𝑡
= −𝑖𝜎𝒇 𝑡, 𝒒 𝛁Ψ 𝑡, 𝒒 − 𝑖

𝜎

2
𝛁𝒇 𝑡, 𝒒 Ψ 𝑡, 𝒒 +𝑊 𝑡, 𝒒  Ψ 𝑡, 𝒒  

Ψ 𝑡, 𝒒 = A 𝑡, 𝒒  ℮𝑖
B 𝑡,𝒒
𝜎  

𝜕B 𝑡, 𝒒

𝜕𝑡
+ 𝒇 𝑡, 𝒒 𝛁B 𝑡, 𝒒 +W 𝑡, 𝒒 = 0 

The phase B 𝑡, 𝒒  holds the  

Hamilton-Jacobi equation 

𝜕A2 𝑡, 𝒒

𝜕𝑡
+ 𝛁 𝒇 𝑡, 𝒒 A2 𝑡, 𝒒 = 0 

The square amplitude A2 𝑡, 𝒒 = Ψ 𝑡, 𝒒 2 holds the probability conservation law 

with 𝒇 𝑡, 𝒒  the corresponding probability current density 



4. The one-dimensional time-independent Schrödinger 

equation. 

𝑓 𝑞 𝜓′ 𝑞 =
𝑖

𝜎
𝐸 −𝑊 𝑞 −

1

2
𝑓′ 𝑞 𝜓 𝑞  𝑊 𝑞 = 𝑉 𝑞 − 𝑓 𝑞 𝑔 𝑞  

𝜓 𝑞 =
𝜓0

𝑓(𝑞)
℮

𝑖
𝜎 𝜑+𝐸  

𝑑𝑞
𝑓(𝑞)

− 
𝑊 𝑞
𝑓(𝑞)

𝑑𝑞
 

Solution: 

With the Dirac consistency equation: 

𝑓 𝑞  𝑉′′ 𝑞 = 0 𝑊 𝑞 = 𝑘 𝑞 −  𝑓 𝑞  𝑔 𝑞  

𝜓 𝑞 =
𝜓0

𝑓(𝑞)
℮

𝑖
𝜎 𝜑+𝐸  

𝑑𝑞
𝑓 𝑞

−𝑘  
𝑞

𝑓 𝑞
𝑑𝑞+ 𝑔(𝑞)𝑑𝑞

 

Solution undetermined by the 𝑔 𝑞  function  



5. Application case: the logistic function. 

𝜓 𝑞 =
𝜓0

𝑓(𝑞)
℮

𝑖
𝜎 𝜑+𝐸  

𝑑𝑞
𝑓 𝑞

−𝑘  
𝑞

𝑓 𝑞
𝑑𝑞+ 𝑔(𝑞)𝑑𝑞

 

𝑓 𝑞 = 𝑎 𝑞 − 𝑏 𝑞2 = 𝑞 𝑎 − 𝑏 𝑞  

𝜓 𝑞 =

𝜓0

−𝑞 𝑎 − 𝑏 𝑞
℮

−
𝜋𝐸
𝜎𝑎+

𝑖
𝜎

𝜋
2+𝜑+

𝐸
𝑎𝑙𝑛 −𝑞 +

𝑘
𝑏−

𝐸
𝑎 𝑙𝑛 𝑎−𝑏 𝑞 + 𝑔 𝑞 𝑑𝑞

: 𝑞 < 0

𝜓0

𝑞 𝑎 − 𝑏 𝑞
℮

𝑖
𝜎 𝜑+

𝐸
𝑎𝑙𝑛𝑞+

𝑘
𝑏−

𝐸
𝑎 𝑙𝑛 𝑎−𝑏 𝑞 + 𝑔 𝑞 𝑑𝑞

: 0 < 𝑞 <
𝑎

𝑏

𝜓0

𝑞 𝑏 𝑞 − 𝑎
℮

−
𝜋
𝜎

𝑘
𝑏
−
𝐸
𝑎

+
𝑖
𝜎

𝜋
2
+𝜑+

𝐸
𝑎
𝑙𝑛𝑞+

𝑘
𝑏
−
𝐸
𝑎

𝑙𝑛 𝑏 𝑞−𝑎 + 𝑔 𝑞 𝑑𝑞
: 𝑞 >

𝑎

𝑏

 

The research is centered in finding the mathematical pattern of the 𝑔 𝑞  function that permits 

to undo the singularities and that provides the quantization of the system Energy E. 


